Modelling catastrophic risk in international equity markets: An extreme value approach I Introduction:
Tail returns can be catastrophic for investors and accurate modelling of these is paramount. This letter uses the Block Maxima Extreme Value approach to quantify catastrophic risk for investors with long and short positions in international equity markets. 1 Quantitatively, catastrophic risk occurs if market movements exceed some extreme threshold value. We fit the Generalised Extreme Value (GEV) distribution to leading equity indexes that only models the tail returns of a probability distribution associated with catastrophic risk. 2 Risk measures are generated from a set threshold of the distribution of returns (99% level) that avoids the pitfall of using absolute returns for markets exhibiting diverging risk.
Catastrophic events relate to extraordinary trading periods that cannot be reconciled with previous and subsequent market movements. Thus, these events distinctively belong to a separate distribution distinct from ordinary market movements and should be modelled separately. Extreme Value Theory (EVT) is an optimal approach to quantifying the extent of rare catastrophic events. First, and most important, EVT dominates alternative frameworks in modelling tail events (Longin, 2000 , Cotter, 2004a . Second, event risk is explicitly taken into account by EVT since it explicitly focuses on extreme events. Third EVT reduces model risk since it does not assume a particular model for returns. Finally, it avoids coarseness and bias in the tail estimates and produces a useful risk language for promoting high-risk concepts.
The letter is organised as follows: section II describes the risk measures and estimation procedure. Using three leading market indexes from different geographical regions, the Dow Jones Industrial Average, the Nikkei 225 and the FTSE All Share, section III follows with extreme value estimates and discussion.
II Risk measures and estimation procedure
Using techniques from EVT this study fits a GEV to the data using the Block Maxima approach that models the maxima, M, for the upper tail for some block of time, for example, a year. 3 Assuming a random variable X, for finite samples the following three parameter version of the GEV is as follows:
where µ is the location parameter, σ is the scale parameter and ξ is the shape parameter of the extreme value distribution. The shape parameter is the key to using EVT as it separates three types of extreme value distributions according to different shapes, the Gumbel (ξ = 0), Weibull (ξ < 0) and Fréchet (ξ > 0) distributions. The latter extreme value distribution is supported in the finance literature as it exhibits a fat-tails property, also found for market returns (Cotter and McKillop, 2000) .
The maximum likelihood estimation procedure yields parameter estimates for ξ, µ and σ by maximizing the following log-likelihood function with respect to the three unknown parameters
is the probability distribution function for ξ ≠ 0 and
Confidence intervals for these parameters ξˆ, μ and σˆ can easily be obtained via the profile log likelihood function.
The GEV parameters are used to generate the catastrophic risk measures. Taking an extreme threshold or qth quantile of a continuous distribution with distribution
where F -1 is the inverse of the distribution function. The GEV catastrophic risk level,
x n,k , using the maximum likelihood parameters is:
Again asymmetric confidence intervals for the catastrophic risk level can be calculated using the profile log likelihood function.
To illustrate, consider a model using daily returns and a block size corresponding to annual maxima ( ≈ 261 days). The k-year catastrophic risk level x 261,k is defined as
This is the return level that we expect to exceed only in one year out of every k years, on average and has a probability k 1 . Now we turn to our estimation and inferences.
III Results and discussion
The analysis is completed on daily logarithmic returns series from liquid US, Asian and European markets between January 1, 1985 and December 31. The indexes chosen are the well-known Dow Jones Industrial Average, the Nikkei 225 and the FTSE All Share. Findings from a representative selection of indexes are given.
In Table 1 distributions exhibit fat-tails. Second, the fat-tail characteristic becomes more pronounced for the tail returns. These plots drive our application of the GEV and in particular, the Fréchet GEV.
INSERT FIGURE 1 HERE
Turning to the extreme value analysis, maximum likelihood parameters of the fitted GEV to the upper tails of the indexes are given in table 2. The dispersion parameter values concur with the summary statistics of the tail distributions, indicating that the Nikkei index fluctuates more than its counterparts. And as expected, the location and dispersion estimates increase as interval size increases. As stated, the most important parameter for modelling and distinguishing tail behaviour is the shape parameter. We find all point estimates are positive, and generally there is support for the hypothesis of returns converging to the fat-tailed Fréchet distribution at a 95% confidence levels.
Specifically, the fattest tail shape recorded is for the FTSE index at a quarterly interval with a shape point estimate of 0.361. Variation in tail shape does occur across markets, and interval of estimation, where no systematic pattern occurs. For example, the shape parameter is reasonably constant across the intervals for the Dow whereas it decreases for the Nikkei. This has implications for the modelling of catastrophic risk where each asset should be modelled separately, and for different frequencies.
INSERT TABLE 2 HERE
Taking the three EV parameters, we now estimate the catastrophic risk levels for a 99.9% confidence level and these are given in Table 3 . This allows us to obtain information on the size and frequency of catastrophic risk levels. Here we show the 
